Abstract. We use holomorphic disks to describe the formation of singularities in the mean curvature flow of monotone Lagrangian submanifolds in C n .
Introduction
Let F 0 : L → C n be a smooth Lagrangian immersion of a compact, oriented manifold L without boundary, i.e. dim(L) = n and F * 0 ω = 0, where ω(·, ·) = J·, · is the standard symplectic form on C n given by the composition of the complex structure J and the euclidean metric ·, · .
Suppose [0, T sing ) is the maximal time interval such that a smooth solution F : L × [0, T sing ) → C n of the mean curvature flow equation
F (·, 0) = F 0 exists. It is well known that 0 < T sing < ∞ and that L t := F t (L) is Lagrangian, where we set F t := F (·, t). Moreover, we have lim sup
t→T sing
where A = ∇dF is the second fundamental form.
At the singular time T sing a singularity will form. The main aim of this paper is to understand the nature of singularities that monotone Lagrangian submanifolds might develop under various additional assumptions. This is motivated by a strong link between monotone Lagrangians and self-similar solutions of the Lagrangian mean curvature flow. To explain this relation, let us first recall the notion of blow-up points for the mean curvature flow and the notion of monotone Lagrangian submanifolds in symplectic geometry. To understand what happens as a singularity forms under the mean curvature flow in euclidean space, one introduces the notion of blow-up points. By definition, a blow-up point p ∈ C n is a point such that one can find x ∈ L with F (x, t) → p as t → T sing and |A|(x, t) becomes unbounded as t → T sing . From the evolution equation of the second fundamental form one immediately deduces for T sing < ∞ that sup Lt |A| 2 ≥ c T sing − t for a positive constant c and all 0 ≤ t < T sing . Following Huisken [12] , a singularity forms under the so-called type-1 condition, if for some (different) constant c > 0. All remaining cases of singularities with a different blow-up rate are called of type-2.
In [12] , in the analogous context of mean curvature flow for hypersurfaces in R n+1 , Huisken has given an answer to the question what happens if a singularity forms under the type-1 hypothesis. This holds true as well in higher codimension, in particular also for Lagrangian submanifolds.
In this situation, a singularity forming in euclidean space looks like a selfsimilarly contracting solution (see definition below) after an appropriate rescaling procedure. To make this precise in our context, we assume for simplicity that the origin O ∈ C n is a blow-up point for our flow of Lagrangian immersions (since the flow is invariant under isometries, we may assume w.l.o.g. that the blow-up point is given by the origin). Then, as in [12] , we define the rescaled immersions F (x, s) by F (x, s) := (2(T sing − t)) −1/2 F (x, t), s(t) := − 1 2 log(T sing − t).
The submanifolds L s := F (L, s) are defined for − Under the type-1 assumption (1.1) one can prove as in [12] that for each sequence s j → ∞ there is a subsequence s j k such that L s j k converges to an immersed non-empty smooth limiting Lagrangian L ∞ . In particular, this limit Lagrangian is a self-similarly contracting solution. A solution F (x, t) of (MCF) is called self-similar, if we can find a rescaling F (x, t) = ψ(t)F (x, t), ψ(t) ∈ R such that all normal components of d dt F vanish. This means that the images of F evolve just by homotheties. Self-similar solutions of the mean curvature flow are determined by solutions of the following quasilinear elliptic system
with some constant ε. Under the flow, ε will then vary with time but will keep its sign. In principle, one has to destinguish 3 cases. A solution is called self-contracting, trivial (i.e. minimal) or self-expanding according to whether ε > 0, ε = 0 or ε < 0.
In the Lagrangian setting, we can reformulate equation (1.3) on L. A selfsimilar solution must satisfy the following relation between 1-forms on L
H is the mean curvature form. For the exact symplectic form
This is due to the fact that rescaling is performed by the flow of the Liouville vector field F , i.e. L F ω = ω. Note also that the Lagrangian submanifolds under consideration may be noncompact.
The mean curvature form H is closed. Moreover, by a result of Morvan [13] (see also [5] for a recent extension), the complex volume form dz on C n satisfies dz |L = e iα dµ , dα = H, where α is the locally defined Lagrangian angle of L and dµ denotes the induced volume form on L.
In the Lagrangian context, there is a strong connection between self-similarly contracting solutions and monotone Lagrangian submanifolds. We recall the following definition (cf. [15] ):
on all such disks u. 
Since self-similarly contracting solutions are monotone and self-similar solutions appear as type-1 blow-ups, it is natural to ask the following:
Does the flow preserve the monotonicity of Lagrangian submanifolds and will monotone Lagrangians develop type-1 singularities?
We will see, as stated in the next proposition, that the first part of this question has a positive answer whereas the second part is wrong in general.
), but with the monotonicity constant ε t :=
From this proposition and Remark 1.3 we conclude that the areas of holomorphic disks with boundary on a monotone Lagrangian torus (if they exist) all shrink with the same rate. This means that they would all disappear at the same time t = 1 ε . Therefore, one is tempted to conjecture that monotone tori will completely shrink to a single point and will always develop a type-1 singularity at T sing = 1 ε , which after blow-up looks like a self-similarly shrinking Lagrangian torus. That this is not the case, even under strong additional geometric assumptions, is somehow surprising. Even under the assumption that the Lagrangian submanifolds admit quasi-fillings (see definition below) for some homology class e ∈ H 1 (L; Z) one still might encounter type-2 singularities. This will be demonstrated for examples of embedded, equivariant, monotone 2-tori that we discuss in this article.
Since the existence of holomorphic disks with boundary on the Lagrangian submanifold is important, the next theorem due to Gromov [11] for embedded Lagrangian submanifolds is of particular interest. In view of Gromov's theorem and of Remark 1.3 one would like to control the embeddedness of Lagrangian submanifolds under the mean curvature flow. It is well-known that embeddedness is preserved for hypersurfaces moving by their mean curvature and that this, in general, is no longer true in higher codimensions. Therefore we define a constant T emb as follows: Suppose F 0 : L → C n is a Lagrangian embedding and that F : L × [0, T sing ) → C n is the maximal smooth solution of the mean curvature flow. Then we set
By definition one has 0 < T emb ≤ T sing .
It turns out that embeddedness is important in the context of monotone Lagrangian submanifolds. We will prove the following result:
The proof of this theorem will be carried out in Section 2 and is based on Gromov's result mentioned above.
A corollary of Theorem 1.6 is: Figure 1 shows that, at least in the immersed case, ε need not be related to T sing .
Another obvious question arising from Corollary 1.7 is, if -under the same assumptions as in Corollary 1.7 -we must have T sing = 1 ε or if T sing < 1 ε is possible. In this article we will give examples with T emb = T sing < 1 ε that develop type-2 singularities.
On the other hand, it is possible to characterize the solutions with T sing = In [14] Neves proved that a Lagrangian submanifold with trivial Maslov class does not develop a type-1 singularity in finite time. His proof is based on methods from geometric measure theory. We will give a very elementary proof for this, in particular we will prove the following extension of Neves' result:
The proof of this theorem is very short and merely uses partial integration w.r.t. the Gauß kernel. Note, that the assumption on |∇ k α| 2 is automatically satisfied for a type-1 blow-up. Note also that it is an open problem in the closed case to determine which Lagrangians admit µ = 0.
For the formulation of the next theorem we need the following definition. However, even under the assumptions made in Theorem 1.11 it is still unclear, if the singular set consists of a single point and if the blow-up converges to a compact self-similar Lagrangian. This very much depends on the "families" of holomorphic disks that can be attached to the evolving submanifolds. For example, in the easiest case of a Lagrangian L ⊂ C 2 it is in general unclear, if for any homology class e ∈ H 1 (L; Z) there exists an embedding
such that the maps f τ = f (τ, .) are holomorphic in the usual sense for all τ ∈ S 1 and [∂f τ ] = e. Such a map (or rather its image) is called an e-filling of L.
The standard examples of fillings in C 2 are for the Clifford torus
Notice that the Maslov index for both cycles is
In general it is unknown, if such fillings survive under Hamiltonian deformations. If one is only interested in the existence of sufficiently many holomorphic disks attached to Lagrangian submanifolds such that the boundary maps represent certain homology classes, the following relative Gromov invariant type notion is useful.
We will say that L ⊂ C 2 admits an e-quasi-filling for a homology class e ∈ H 1 (L; Z), if for all points p ∈ L there exists a holomorphic disk
For example the following disk families
define quasi-fillings for the Clifford torus with respect to the product class of the defining circles. As all disks f a (τ, D) intersect in the singularity (0, a) this is not a filling.
We remark that up to parameterizations, the disk families in (1.7) and (1.8) constitute a complete list of all unparameterized holomorphic disks attached to the Clifford torus.
It seems that the existence of quasi-fillings depends on the Hamiltonian isotopy class as the following statement due to Gromov [11] This theorem can be used to show that not all embedded Lagrangian tori are symplectomorphic. We will now give additional examples of monotone tori. Let z : S 1 → C * be a closed curve. Using complex-symplectic coordinates on C 2 we obtain a Lagrangian torus through the map F :
The embedded Lagrangian torus generated by the curve z(φ) = e iφ is symplectomorphic to the Clifford torus T π/2 = {|z 1 | 2 + |z 2 | 2 = 1} by the SU 2 -transformation matrix
A second example is given by what we call the Chekanov torus T 2 1 (π/2), see [3] . In this case consider the curve in the open right half plane
This curve z is embedded with {z}∩{−z} = ∅. The Chekanov torus T 2 1 (π/2) is the embedded equivariant torus generated by z, see [22] . Equivalently, we mention the Eliashberg-Polterovich torus L 0 Γ considered in [8], which is symplectically isomorphic to the Chekanov torus. Denote by Γ the boundary curve of an embedded disk D in C such thatD does not contain the origin. By definition L 0 Γ is the intersection of the sub-level set of Γ under the function (z 1 , z 2 ) → z 1 z 2 with the sub-level set of zero under the Hamiltonian
To see the equivariant picture of this, let w : S 1 −→ C * be a regular parameterisation of Γ and choose a branch of square-root defined near D. Then
Under the U 2 -transformation matrix
the torus EQ z int corresponding to the curve z int = √ 2w is mapped to L 0 Γ . Hence, the torus EQ z int is symplectomorphic to L 0 Γ . The reason why Chekanov and Eliashberg-Polterovich considered these tori is that they were the first examples of monotone Lagrangian tori not symplectomorphic to the Clifford torus. Both tori, T 2 1 (π/2) and L 0 Γ , (which are symplectomorphic) are so-called exotic tori. The exoticness follows from Theorem 1.12, because L 0 Γ allows only one holomorphic disk family with Maslov index 2. Further, for the tori L 0 Γ we have generating cycles
for φ ∈ S 1 . In contrast to Theorem 1.12 we have the following statement, which can be obtained via similar methods (see [22] ):
Then the monotone torus L admits a ϕ * e-quasi-filling, where the homology class e ∈ H 1 (L 0 Γ ; Z) is represented by (1.9).
An important question is if the existence of e i -quasi-fillings of an embedded monotone Lagrangian torus L ⊂ C n for a full set of generators e 1 , . . . , e n ∈ H 1 (L; Z) can be used to detect the type of singularity that it will develop under the mean curvature flow. We will see that this is not the case (note that the basis of generators is in general not canonical).
Essentially, our article consists of two parts. In the first part we will derive some results for the Lagrangian mean curvature flow in general, whereas in the second part we restrict our attention to an equivariant situation to find examples of type-1 and type-2 singularities of monotone Lagrangian submanifolds L ⊂ C n and in particular of embedded, monotone Lagrangian tori T 2 ⊂ C 2 . The equivariant situation is a generalization of the one discussed above and can be described as follows.
Let L := S 1 × S n−1 and assume that
is some closed immersed curve in C * = C \ {0}. The equivariant Lagrangian immersions L 0 = F 0 (S 1 × S n−1 ) that we study in the second part of this article, are of the following form. Define an immersion F 0 :
where we assume that the complex structure J is acting on C n by
and that G : S n−1 → R n is the standard embedding of the sphere of radius 1 in R n . In particular, in dimension n = 2 we get nice examples of Lagrangian tori in C 2 .
Since the mean curvature flow is isotropic, the condition to be equivariant is preserved under the flow. This implies that in this situation the flow will be determined by the flow of the corresponding profile curves γ t := z t (S 1 ),
As will be shown in Section 3.1, the equivariant Lagrangian mean curvature flow can be reduced to the following flow of the profile curves in C *
Here, ν denotes the outward pointing unit normal along the curve γ t := z t (S 1 ), z t (φ) = z(φ, t) and k is the curvature of γ t .
The reason to consider equivariant solutions is to get simple, non-trivial examples of monotone solutions that develop type-1 or type-2 singularities.
There are essentially two classes of closed embedded profile curves, those who contain the origin in their interior and those who do not. In dimension n = 2 the Clifford torus belongs to the first class and the exotic tori to the second class. In particular, these classes are not symplectomorphic to each other.
For the first class of profile curves we will show that neither starshapedness, embeddedness, monotonicity or a natural convexity assumption are sufficient conditions for the contraction to a single point (which would have to be the origin in view of the point-symmetry). In particular, even under geometrically very restrictive conditions we will encounter type-2 singularities. For the second class of curves the first author proves in his PhD thesis [10] that they contract in finite time to a single point p ∈ C * , if f > 0.
On the other hand we can prove fairly general regularity theorems. For example, one of our main results is: This theorem states that for n ≥ 2 the first singularity of a starshaped curve must occur at the origin.
Is is interesting to ask, if there exists a class of monotone Lagrangian submanifolds that develop type-1 singularities. Let us define
L is a monotone, equivariant Lagrangian immersion with | − → H | > 0 and such that the profile curve z :
Obviously, a Lagrangian L ⊂ E satisfies very strong geometric conditions. Therefore, it is surprising that even within this class both types of singularities occur; to be precise we will prove the following theorem: 2) In this paper, a curve γ = z(S 1 ) will be called starshaped, if z, ν > 0 everywhere on γ, no matter if γ is embedded or immersed. The organization of our article is as follows. In Section 2 we will derive general results for the Lagrangian mean curvature flow. There we give proofs of Theorems and Propositions 1.4, 1.6, 1.8, 1.9 and 1.11.
In Section 3 we discuss the equivariant situation and prove that a number of geometric conditions are preserved under the equivariant flow. Finally, in the last section we give the proofs for Theorems 1.14 and 1.15.
Mean curvature flow and monotonicity of Lagrangian submanifolds
As in the introduction, let F :
for some compact, smooth manifold L. Moreover, for a Lagrangian immersion F : L → C n we set
where (y α ) α=0,...,n−1 are local coordinates for L. Then, by the Lagrangian condition, the vectors ν α are normal along F (L). The induced metric g αβ and the second fundamental tensor h αβγ on L are given by g αβ = F α , F β resp. h αβγ = ν α , F βγ . In local coordinates, the components H α of the mean curvature form are given by H α = g βγ h αβγ , where g βγ denotes the inverse of g βγ . The mean curvature vector can be expressed as In addition, as we will now prove, the monotonicity is preserved, if one allows the monotonicity constant to vary with time. This was already stated in Proposition 1.4.
Proof of Proposition 1.4. We need the evolution equation for F * λ. One easily observes
To proceed, we need an expression for dd
Taking the exterior derivative yields
Combining this with the above expression for 2
This and the evolution equation (2.1) imply
By the monotonicity at t = 0 we must have [
[H] at t = 0. The evolution equation above guarantees that the cohomology class of
for all t ∈ [0, T sing ). Now as long as in addition t ∈ [0,
which proves the lemma.
We are now ready to prove Theorem 1.6.
Proof of Theorem 1.6. Suppose T emb > 
On the other hand, it is well known that a variation of Lagrangian immersions F s : L → C n is Hamiltonian, if and only if
For the rescaled flow we have
and in view of (2.4) this vanishes, if and only if T sing = 1 ε .
Proof of Theorem 1.9. By assumption the mean curvature form satisfies [ H ∞ ] = 0 and H ∞ = 2 λ ∞ implies that there exists a closed embedded curve γ ⊂ L ∞ such that γλ ∞ = 0. Choose a ball B(0, R) ⊂ C n with γ ⊂ B(0, R) for some R > 0. Since L ∞ is an embedded limiting Lagrangian submanifold, there exist homology classes e ∞ ∈ H 1 ( L ∞ ; Z), e ⊂ H 1 (L; Z), a closed embedded curve γ ∞ ∈ e ∞ and a sequence of closed embedded curves γ t ∈ e such that γ ∞ ⊂ B(0, R), γ∞λ ∞ = 0, γ s := F (γ t , s(t)) ⊂ B(0, R).
This implies
Note, that the type-1 assumption implies that |∇ k A| 2 is uniformly bounded for k ≥ 0 and all s. So, using the compactness of B(0, R), we may assume that γ ∞ is the limiting curve of γ s and that 
A direct computation shows that under the rescaled flow the 1-form H s −2 λ s satisfies the evolution equation
Since γ s = F (γ t , s(t)) and γ t ∈ e, ∀ t we conclude γs H s − 2 λ s = T sing e 2s γs 0
On the other hand We want to show that the Lagrangian mean curvature flow of equivariant Lagrangian immersions takes the form given in ( * ). Therefore, assume
is an equivariant Lagrangian immersion as above. We will denote the coordinate on S 1 by φ and local coordinates on S n−1 by x 1 , . . . , x n−1 . Latin indices i, j, k, ... will be in the range between 1 and n − 1, whereas greek indices α, β, ... are taken between 0 and n − 1. In particular, we define coordinates y α on S 1 × S n−1 by y 0 := φ, y i := x i for all i ∈ {1, . . . , n − 1}. Doubled indices will be summed according to the Einstein convention, i.e. latin indices from 1 to n − 1 and greek indices from 0 to n − 1.
We want to compute the metric and second fundamental form, in particular the mean curvature of these equivariant Lagrangian immersions. To this end, let us denote any partial derivative of u, v w.r.t. φ by a prime and in addition we set G i := ∂G ∂x i and G ij = ∂ 2 G ∂x i ∂x j . With this notation we get
The induced metric g αβ and the second fundamental tensor h αβγ on L are given by g αβ = F α , F β resp. h αβγ = ν α , F βγ . The standard metric on S n−1 will be denoted by σ ij . Thus
For the mean curvature form H α = g βγ h αβγ we obtain
In particular the mean curvature vector − → H is given by
We want to rewrite the last equation in terms of objects on the curve γ ⊂ C * . If we orient γ in the usual way, then the outer unit normal ν along γ is given by
The curvature k of the curve γ is determined by
Then these equations imply
If we project the Lagrangian mean curvature flow (MCF) to the "north-pole plane" ((1, 0, . . . , 0), (1, 0, . . . , 0)) ⊂ C n , then the flow
Singularities.
In case of an equivariant Lagrangian immersion as above, one easily observes that the second fundamental tensor A on L can be completely expressed in terms of the curvature k of the curves and ν,er r so that we obtain 
where k(φ 0 ) denotes the curvature of the curve at z(φ 0 ) = 0 and ν(φ) is the inward pointing unit normal.
Proof. Let (x, y) be cartesian coordinates for C such that at the origin the x-axis is tangent to our curve γ := z(S 1 ). Then locally, say on an interval (−ǫ, ǫ), we can express γ as a graph over the x-axis, i.e. w.l.o.g. we may assume that after a reparameterization our curve is locally given by z(x) = (x, y(x)) with a smooth function y : (−ǫ, ǫ) → R. It is sufficient to prove the lemma for real analytic functions y. Let
be the Taylor expansion of y around 0. For x = 0 we have
Since y(0) = 0 we see that
If we take into account the Taylor expansion we obtain
This proves the lemma. 
But if a smooth limit curve (passing through the origin) exists, then lemma 3.3 does not prove that the curvature k blows up at the origin (but |A| does for t → T sing ). This shows that ( * ) would also be well defined for a smooth curve passing through the origin and a solution of ( * ) might exist longer than the corresponding solution for (MCF). On the other hand, it is likely
that fake singularities will not occur at all under the mean curvature flow.
Embeddedness.
The next question we address is, if the embeddedness of the profile curve γ ⊂ C * will also imply the embeddedness of the equivariant Lagrangian submanifold associated to γ.
Lemma 3.5. Let γ ⊂ C * be an embedded curve given by an embedding z :
an embedded Lagrangian submanifold, if and only if one of the following conditions is valid: (i) the curve γ satisfies
The rest of the lemma is clear.
Lemma 3.6. If the initial curve is embedded, then this remains true for all
Proof. This is well-known for n = 1. Assume n > 1 and that the curve touches itself for the first time at t 0 < T sing . Let φ 1 , φ 2 ∈ S 1 be two distinct points with z(φ 1 ) = z(φ 2 ). Since t 0 < T sing we must have |z| > 0 on S 1 (Lemma 3.1). It suffices to prove that f (φ 1 )ν(φ 1 ) − f (φ 2 )ν(φ2), ν(φ 1 ) − ν(φ 2 ) ≤ 0 because this contradicts the strong maximum principle. The curvatures at φ 1 and φ 2 must satisfy
Remark 3.7. The lemma does not imply that the curves stay embedded as t → T sing . At a singularity this property might fail.
Tamed curves.
Definition 3.8. A curve γ ⊂ C * will be called tamed, if the quantity
is positive for all p ∈ γ.
In the sequel we will set r := |z| , e r := z |z| so that
Lemma 3.9. Let γ ⊂ C * be a smooth, closed curve. Then there exists at least one point p ∈ γ where f ≥ n r > 0.
Proof. Let z : S 1 → C * be a smooth immersion of γ and φ ∈ S 1 a point where r assumes its maximum. By definition of the outer unit normal we have at this point z = rν. Since at φ we must have ∆r 2 = ∆|z| 2 ≤ 0, the identity ∆z = −kν gives Next we will compute several evolution equations related to ( * ). From [18] we first obtain the equations:
where dµ denotes the induced volume form on γ.
Lemma 3.12. The evolution equation for f is given by
Proof. We have
and then with (3.6)
This and the maximum principle implies:
Corollary 3.13. If the initial curve γ 0 ⊂ C * is tamed, then it stays tamed for t ∈ [0, T sing ).
If we take into account Corollary 3.10, then also 
Monotonicity.
We want to find the condition when an equivariant Lagrangian immersion with a profile curve γ ⊂ C * becomes monotone. Since we have already computed the mean curvature form in (3.1) and (3.2), we need to compute F * λ only.
we obtain: Now, since by (3.1) and (3.8) 
If we define the symplectic area A(z) of a regular, smooth curve z :
then the computations above show
Moreover, the next lemma gives a geometric interpretation of S 1 f dµ as well.
Lemma 3.16. Suppose z : S 1 → C * is a regular, smooth curve. Let wind 0 (z) and rot(z) denote the winding number of z around the origin resp. the rotation number. Then 
By Lemma 3.16 we thus conclude
The rotation number is always invariant under homotopies so that rot(z t ) = rot(z 0 ). For n > 1, Lemma 3.1 implies |z| > 0 on [0, T sing ). Thus, in case n > 1, wind 0 (z t ) = wind 0 (z 0 ). This proves the theorem.
Corollary 3.19. Suppose z : S 1 × [0, T sing ) → C * is a smooth solution of ( * ) and that z 0 : S 1 → C * is an embedding. Then
Proof. First note, that this does not follow from Theorem 1.6 since the equivariant Lagrangian submanifold need not be embedded. On the other hand an embedded closed curve satisfies rot(z 0 ) = 1 and wind 0 (z 0 ) ∈ {0, 1} depending on whether the curve encloses the origin or not. Since A(z 0 ) is the area of the enclosed region of z 0 we see that A(z t ) > 0 for all t ∈ [0, T sing ) because the curves stay embedded. The symplectic area formula above shows that this can be true only as long as
Note also, that the equivariant Lagrangian submanifold for z 0 is monotone with monotonicity constant
so that we have
Selfsimilar solutions.
Like for the monotonicity, the equation for self-similar solutions (1.4) takes a much simpler form in the equivariant case, namely
Henri Anciaux [1] classified all solutions of (3.12). He noticed that -in contrast to the curve-shortening flow -not all solutions of (3.12) are convex. On the other hand, in view of Corollary 3.10, tameness is a much more natural condition than convexity and by (3.12) any tamed solution is also starshaped. Indeed, as the next theorem shows, all solutions of (3.12) with ε = 0 are tamed and starshaped. 
Then the quantity
is constant along the curve and the curve is tamed and starshaped.
Proof. The Weingarten equation implies
In view of (1.10) and (3.12) we obtain
If we take the gradient of both sides in (3.12), then we obtain
where we have used (3.13) and (3.14) in the last step. We claim that the quantity
is constant on any solution of (1.10). The quantity p is differentiable whenever z = 0. By (3.15) the gradient of p at those points is
The constant p can only be zero, if f ≡ 0 which is equivalent to z being a segment of a line passing through the origin. In particular, any solution of (3.12) passing through the origin must be a line segment.
For a curve different from a line there exists always one point, where z, ν > 0. Consequently, by (3.12), p must be a positive constant and it also follows that any solution z : S 1 → C * of (3.12) is starshaped w.r.t. the origin and satisfies f > 0. [1] , for n = 1 the curves are all convex, whereas for n > 1 we have
Starshapedness.
A curve z : S 1 → C * will be called starshaped, if ν, z > 0 everywhere. In this section we want to show that starshapedness is preserved as long as r = |z| > 0. To this end we need some evolution equations and the following lemma which will be used several times in our computations Lemma 3.22. On any curve γ ∈ C * we have Proof. We have
and therefore Next we want to compute the evolution equations for r and ν, e r .
Lemma 3.23. The following equations are valid
ν, e r Proof. We first observe that
so that in view of (3.16) and ∇r, e r = |∇r| 2 d dt r = −k ν, e r + n − 1 r ∇r, e r − n − 1 r .
Proof. Suppose a smooth solution in C * exists on a time interval [0, t 1 ) and that 0 < t 0 < t 1 is some fixed time. There exists a constant λ > 0 depending on t 0 such that 2n Proof. First we compute the evolution equation of m := r −p ν, e r . Therefore, in general the following computations are valid only as long as r > 0. According to Corollary 3.24 and Remark 3.25, this quantity is well defined for t ∈ [0, T sing ), if n > 1 and in case n = 1 as long as r > 0. Lemma 3.23 implies Definition 3.27. A curve γ ∈ C * will be called austere, if
ν, e r > −1 for all points on γ.
This means that the angle β defined by cos β = ν, e r is contained in the open interval (−π, π). (i) The stability of E follows directly from Proposition 1.4, Lemma 3.6, Corollaries 3.10, 3.13 and 3.24. The existence of type-1 singularities within E will be shown below and the existence of type-2 singularities follows from Neves' work [14] in the following way: As pointed out in [14] , a straight line in C * will develop a type-2 singularity in case n ≥ 2 (cf. Figure 2) . Thus, by some glueing technique, we ob- tain also examples of closed profile curves, that generate Lagrangian submanifolds in E and which will develop a type-2 singularity at the origin as t → T sing and for which T sing < 1 ε so that the enclosed area does not vanish as t → T sing . Figure 3 for some uniform constant C independent of γ. Let r + (γ) := max γ r, r − (γ) := min γ r. Integrating (4.10) on γ we obtain the Harnack estimate 11) which is independent of γ.
Now for some γ 0 as above let γ t be the profile curves given by the equivariant mean curvature flow ( * ). Since the mean curvature flow preserves the invariance under isometries we conclude from the first part of the proof that γ t stays in our class and consequently (4.11) holds for all t ∈ [0, T sing ).
